
296 IEEE TRANSACTIONS ON INDUSTRY APPLICATIONS, VOL. 53, NO. 1, JANUARY/FEBRUARY 2017

Model Predictive Control for Shunt Active Filters
With Fixed Switching Frequency

Luca Tarisciotti, Member, IEEE, Andrea Formentini, Alberto Gaeta, Member, IEEE, Marco Degano, Member, IEEE,
Pericle Zanchetta, Senior Member, IEEE, Roberto Rabbeni, and Marcello Pucci, Senior Member, IEEE

Abstract—This paper presents a modification to the classical
Model Predictive Control (MPC) algorithm and its application to
active power filters. The proposed control is able to retain all the ad-
vantages of a finite control set MPC while improving the generated
waveforms harmonic spectrum. In fact, a modulation algorithm,
based on the cost function ratio for different output vectors, is in-
herently included in the MPC. The cost function-based modulator
is introduced and its effectiveness on reducing the current ripple
is demonstrated. The presented solution provides an effective and
straightforward single loop controller, maintaining an excellent
dynamic performance despite the modulated output and it is self-
synchronizing with the grid. This promising method is applied to
the control of a shunt active filter for harmonic content reduction
through a reactive power compensation methodology. Significant
results obtained by experimental testing are reported and com-
mented, showing that MPC is a viable control solution for active
filtering systems.

Index Terms—Active filters, harmonic distortion, model predic-
tive control (MPC), power filters, power quality, smart grids.

I. INTRODUCTION

MAINTAINING a good power quality level in modern
electrical grids is a vital issue to ensure reliability, se-

curity, and efficiency [1]. This is currently becoming extremely
important due to the proliferation of nonlinear loads, power
conversion systems, renewable energy sources, distributed gen-
eration sources, and plug-in electric vehicles [2]. Several pieces
of flexible ac transmission system equipment [2], [3] have been
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recently investigated and applied in order to improve the electri-
cal grid power quality. These studies resulted in a broad family
of devices, such as active and hybrid power filters [4], [5], static
compensators [6], [7], static VAR compensators [8], unified
power flow/quality controllers, and dynamic voltage restorers.
In particular, active power filters allow us to increase the overall
system power quality and they are not affected by the limits of
their passive counterparts, such as the introduction of resonances
onto the power system, impossibility of current limiting (other
than fuses), and overloaded operation if the supply voltage qual-
ity deteriorates [9]. However, the control of an active filter [10]
requires fast dynamic performances and represents a challeng-
ing control problem, which may not be able to be addressed
by applying linear control techniques. In fact, as a high control
bandwidth is required, it may happen that the required sampling
frequency becomes excessively high. Moreover, supply distur-
bances may be hard to suppress using classical PI controllers
[11], [12]. Among all possible active filter configurations, the
shunt active filter (SAF) is the most commonly applied, and sev-
eral control techniques have been proposed in the literature to
fulfill its high bandwidth requirements. In fact, PI controllers in
a stationary reference frame are unable to provide a satisfactory
regulation, given the high frequency of the harmonics to con-
trol, and they fail to eliminate steady-state error and to achieve
satisfactory tracking of the desired reference. Other control
schemes aim to improve the tracking accuracy for specified har-
monics by using multiple related synchronous reference frames
[13], [14]. However, the need for multiple band-pass filters and
the consequent interactions among them increases the complex-
ity of the control tuning. Alternatively, to avoid multiple ref-
erence frame transformations, proportional resonant controllers
may be used [15]. Techniques that reduce the number of mea-
surements required by the system have also been investigated,
typically based on time-domain controllers and an appropriate
observer [16]. Finally, dead-beat control strategies have also
been considered [17], coupled with a PI-based dc-Link voltage
control.

Model predictive control (MPC) has been recently adopted
for power electronics converters control, due to the several ben-
efits it can provide, such as fast tracking response and simple
inclusion of system nonlinearities and constraints in the con-
troller [18]. MPC considers the system model for predicting its
future behavior and determining the best control action on the
basis of a cost function minimization procedure.

Finite control set MPC (FCS–MPC) is a model-based control
strategy applicable to systems with a finite number of possible
control actions, such as power electronic converters. At each
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Fig. 1. Adopted structure of three-wires SAF.

sample time FCS–MPC computes a target cost function for every
possible control action: the one associated to the minimum cost
function value is selected as optimal control and applied [19].
This technique has been successfully applied for the control of
three-phase inverters [20], [21], matrix converters [22], [23],
power control in an active front end rectifiers [24], [25], and
regulation of both electrical and mechanical variables in drive
system applications [26]–[30].

The lack of a modulator, although being an advantage for the
transient performance of the system, it is also a drawback under
steady-state conditions when the high bandwidth of the control
is not necessary and the higher current ripple, due to the limited
set of available control actions, is more evident.

This paper presents a novel Finite Control Set Modulated
MPC (FCS–M2PC) algorithm suitable for SAF control, which
retains most of the advantages of the MPC, such as the presence
of a cost function and the use of a single loop for improved
responsivity and larger bandwidth, but exploits a modulator
for reducing the current ripple. The cost function minimization
procedure acts also as a modulator, by selecting the best vec-
tors and their application times for the next sampling period.
A similar solution has already been proposed in [31]–[33] for
a Multilevel Cascaded H-Bridge Converter, in [34] and [35]
for a direct matrix converter and in [36] for a three-phase ac-
tive filter. Experimental results show the excellent transient and
steady-state performance of the proposed system.

II. SYSTEM DESCRIPTION AND MODELING

A SAF is realized by connecting a voltage source converter
(VSC) to the ac grid through filter inductors in a rectifier con-
figuration. The dc side is connected to a capacitor as depicted
in Fig. 1, and thus, it is able to manage only reactive power. In
such configuration, the SAF is able to produce any set of bal-
anced currents and, therefore, compensates the reactive power
and current harmonics drawn by a nonlinear load; clearly the
SAF filtering capabilities are limited by the VSC-rated power
and control bandwidth. On the other hand, the grid provides
only the active power required to supply the load and maintain
the SAF dc Link at the desired voltage.

When a balanced system is considered, it is possible to re-
duce the system order to the third order, represented in the
abc frame by the state variables ifa(t), ifb(t), and Vdc(t). Ne-
glecting the nonlinearities introduced by the inverter and the
equivalent impedance of the grid, the SAF currents equations

can be expressed as follows:
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dif a (t)
dt = 1

Lf
vsa(t) − Rf

Lf
ifa(t) − 1

3Lf

[2Sa(t) − Sb(t) − Sc(t)] Vdc

dif b (t)
dt = 1

Lf
vsb(t) − Rf

Lf
ifb(t) − 1

3Lf

[2Sb(t) − Sa(t) − Sc(t)] Vdc

(1)

where Rf and Lf are the filter inductor winding resistance and
inductance. Sa(t), Sb(t), and Sc(t) represent each leg state,
equal to 1 or 0, respectively, when a positive or a negative
voltage is produced at the leg output with respect to the dc-
Link neutral point. The dc-Link voltage can be obtained by
the converter state and the dc current, derived by the converter
switching functions 7\% and ac currents

dVdc(t)
dt

=
1
C

{
[Sa(t) − Sc(t)]ifa(t) + [Sb(t)

−Sc(t)]ifb (t)
}
. (2)

Finally, the supply current can be obtained by the filter and
load currents as

{
isa(t) = ila(t) + ifa(t)

isb(t) = ilb(t) + ifb(t)
. (3)

By combining (1)–(3), the SAF state space model can be
derived and then discretized using the forward Euler method for
control design purposes. The obtained system is shown as

⎧
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ifa(k + 1) =
(
1 − Rf h

Lf

)
ifa(k) − h

Lf
Q1S(k)Vdc(k)

+ h
Lf

vsa(k)

ifb(k + 1) =
(
1 − Rf h

Lf

)
ifb(k) − h

Lf
Q2S(k)Vdc(k)

+ h
Lf

vsb(k)

Vdc(k + 1) = Vdc(k) + h
C P1S(k)ifa(k)

+ h
C P2S(k)ifb (k)

(4)
where k represents the discrete sampling instant, h is the
sampling time, and

Q1 = 1
3

[
2 −1 −1

]
Q2 = 1

3

[−1 2 −1
]

P1 =
[
1 0 −1

]
P2 =

[
0 1 −1

]

S(k) = [Sa(k)Sb(k)Sc(k)]T

. (5)

III. SAF MODEL PREDICTIVE CONTROL

In FCS–MPC, due to the absence of a modulator, the only
possible control actions are the ones generated by the eight
possible inverter switching states
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At the kth time instant the controller uses (4) to predict the
future system state value for each possible control action in
(6). A cost function is then computed using a combination of
predicted system states and references. The optimal control is
selected by choosing the inverter configuration associated to the
minimum cost function value. However, in practical implemen-
tation the computed optimal control action can be applied only
at the k + 1th time instant, due to controller computational time
delay. This introduces a one-step delay in the system that must
be compensated [21]. At the kth time instant, the system state
at k+1 is predicted using the previously computed optimal con-
trol. Subsequently the procedure described before is performed
starting from the k+1th time instant resulting in the optimal
inverter switching state S(k+1).

Combining the system model at the time instants k + 1 and
k + 2, and assuming that the supply voltages can be considered
constant during a sampling period h of the control algorithm
(i.e., vs(k) = vs(k + 1)) the following system is obtained:

X(k + 2) = A2(S(k + 1))X(k) + B2U(k). (7)

The definition of the matrix elements are given in Appendix I,
while X(k) and U(k), shown in (8), represent the predicted
values of active filter currents and voltages at the instant k+2
and the supply voltages at the time instant k:

X(k + 2) = [ifa(k + 2) ifb(k + 2) Vdc(k + 2)]T

U(k) = [vsa(k) vsb(k)]T . (8)

The load currents ila and ilb are assumed to be measurable in
the considered configuration. Given the high controller sampling
frequency, it is acceptable to have

isa(k + 2) = ila(k) + ifa(k + 2)

isb(k + 2) = ilb (k) + ifb(k + 2). (9)

Hence the predicted system state is defined as

Xp(k + 2) = [isa(k + 2) isb(k + 2) Vdc(k + 2)]T .
(10)

From (10) the control relevant variables the active power Ps ,
the reactive power Qs , and the dc-Link voltage Vdc are predicted
as shown

Psp(k + 2) = vT
s (k)

[
2 1 0
1 2 0

]

Xp(k + 2)

Qsp(k + 2) = vT
s (k)

[
0

√
3 0

−√
3 0 0

]

Xp(k + 2)

Vdcp(k + 2) =
[
0 0 1

]
Xp(k + 2). (11)

The 50-Hz grid voltages are supposed approximately constant
in two consecutive sampling periods due to the much higher
sampling frequency of the SAF control algorithm. The cost
function adopted in this work to compute the optimal control
action S(k + 1) is defined in (12), where x∗ indicate reference
values, and λ1 , λ2 , and λ3 are weighting factors that allow a

Fig. 2. Schematic diagram of a FCS–MPC.

proper balance among deviations of the controlled variables

J(S(k + 1)) = λ1 |V ∗
dc(k + 2) − Vdcp(k + 2)|

+ λ2 |P ∗
s (k + 2) − Psp(k + 2)|

+ λ3 |Q∗
s(k + 2) − Qsp(k + 2)| . (12)

A block scheme of the complete active filter control for the
case of FCS–MPC is shown in Fig. 2.

IV. MODULATED MPC

One of the major strengths of the FCS–MPC is that it enables
us to include in a single control law different control targets and
system constraints. In this way, the traditional control of cur-
rents, voltages, or flux can be combined with other requirements,
such as common mode voltage reduction, switching frequency
minimization, and reactive power control. However with FCS–
MPC, at each sampling time, all the possible control actions are
compared by means of a cost function and only the best one is
selected for the next sampling period. If the converter state is
constant during a sampling period, the quantities under control
are affected by a higher ripple as a consequence of the finite
number of possible converter states.

To overcome this limit, but still maintain all the desired char-
acteristics of FCS–MPC, this paper proposes the introduction
of a suitable intrinsic modulation scheme. Consistently with the
MPC approach, the cost function is used for selecting the con-
verter states and application times that minimize the equivalent
cost in a sampling period. A symmetric pulse width modula-
tion (PWM) pattern with adjacent states has been preferred for
reducing harmonics, ripple, and losses. Each sampling period
is composed of two zero states and two active states that are
symmetrically split around the center of the sampling period.
Using the predictions for the traditional FCS–MPC described in
the previous section, a cost function has been defined for each
sector of the αβ plane as in (13), where Ji with i = 0, 1, 2
are the cost functions calculated as in (12) for the three vectors
considered from the control, thus assuming Si(k + 1) equal,
respectively, to the zero vector, the first active vector and the
second active vector of the considered sector

Jsect(k + 1) = d0J0 + d1J1 + d2J2 . (13)
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Fig. 3. Schematic diagram of the proposed FCS–M2PC.

Similarly di are the duty cycles for the zero and active vectors.
They are computed assuming that each duty cycle is proportional
to the inverse of the corresponding cost function value, where
K is a normalizing constant to be determined

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

d1 = K/J1

d2 = K/J2

d0 = K/J0

d1 + d2 + d3 = 1

. (14)

Solving (14), the expression of the duty cycle is obtained as

d1 =
J2

J1 + J2 + J1 J2
J0

d2 =
J1

J1 + J2 + J1 J2
J0

d0 = 1 − (d1 + d2). (15)

Essentially the cost function values Ji for each sector are
calculated by using (7)–(12) and the corresponding application
times are calculated from (15).

The optimum sector is then determined by minimizing
the cost function (13). The corresponding optimal duty
cycles d(k + 1) = [d1(k + 1) d2(k + 1) d0(k + 1)]T are
applied to the converter as represented in Fig. 3. The switching
sequence is generated from the two active and the three zero
vector exactly as in a symmetrical SVM [37].

V. REFERENCES PREDICTION

The coupling between active power Ps(k) and dc-Link volt-
age Vdc(k) needs to be taken into account when the related
reference signals are calculated. In fact, from the dc-Link volt-
age reference V ∗

dc(k) and the reactive power reference Q∗
s(k)

at the instant k, it is possible to calculate, knowing the ac cur-
rent values, the active power reference at the time instant k + 2,
P ∗

s (k + 2). Since the dc-Link capacitors compensate for the
reactive power fluctuations due to the nonlinear load, the dy-

namics of the dc-Link voltage has to be maintained considerably
slower than the respective reactive power dynamic. The required
change in the active power flow to regulate the voltage at the
desired value is given by (16), where N denotes the number of
time steps required for reaching the target

PDC(k + 2) =
C

Nh

[
V ∗

dc
2(k + 2) − Vdc

2(k + 1)
]
.

(16)
The load active power reference can be calculated as in (17),

where il1(k) = [ila1(k)ilb1(k)]T represents the vector of the
first harmonic of the load current

P ∗
l (k + 2) = vT

s (k)
(

2 1
1 2

)

il1(k). (17)

Thanks to the high controller sampling frequency, it is ac-
ceptable to approximate il1(k) = il1(k + 2). The active power
P ∗

l (k + 2) is simply obtained by filtering (17) with a digital
resonant filter having a resonance frequency equal to 50 Hz.
Finally, the total reference power at the supply side is therefore

P ∗
s (k + 2) = P ∗

l (k + 2) + PDC(k + 2). (18)

Equation (18), together with Q∗
s(k + 2) = 0 (to ensure unity

power factor operation of the system) and V ∗
dc(k + 2) consti-

tute the reference set for the cost function (12). The minimiza-
tion of active and reactive power errors allows also an automatic
and fast synchronization with the grid as demonstrated by the
presented results in Sections VI and VII.

VI. SIMULATION RESULTS

Simulation tests have been performed to validate the proposed
control system and investigate its stability. The control target is
to maintain the SAF dc-Link regulated at the reference value of
700 V while filtering the nonlinear load harmonics through an
inductive filter, whose rated parameters are Lf = 4.75 mH and
Rf = 0.4 Ω.

Fig. 4 shows the M2PC effectiveness at rated conditions
[see Fig. 4(b)] and the proposed control response to filter in-
ductance variations around the nominal value. When Lf is equal
to the nominal value, the one taken into account in the con-
trol design, the best control response is obtained with minimal
supply current distortions. On the other hand, when the filter
inductance varies the control performance starts degrading, but
still maintains a stable and acceptable behavior for large mis-
match of Lf hence ensuring a good control robustness. In partic-
ular when the filter inductance value is lower than the nominal
value higher frequency distortions, related with the degraded
modulation performance, are present. Vice versa, when the fil-
ter inductance value is higher than the nominal value, lower
frequency distortions, related with a control tracking delay, are
present. In any case, the M2PC control is able to maintain sta-
ble operation with slightly downgraded performance for filter
inductance variations from 50% to 200% the nominal value, as
shown in Table I.



300 IEEE TRANSACTIONS ON INDUSTRY APPLICATIONS, VOL. 53, NO. 1, JANUARY/FEBRUARY 2017

Fig. 4. M2PC sensitivity to filter inductance variation: (a) Lf = 2.375 mH; (b) Lf = 4.75 mH; (c) Lf = 9.5 mH.

TABLE I
CONTROL SENSITIVITY TO PARAMETERS VARIATION

Lf value considered in the system Supply current THD

50% Lf 2.375 mH 14.7159%
75% Lf 3.5625 mH 5.70214%
Lf 4.75 mH 5.56090%
125% Lf 5.90 mH 6.38301%
150% Lf 7.10 mH 7.51365%
200% Lf 9,50 mH 9.72609%

VII. EXPERIMENTAL RESULTS

A prototype SAF, with the scheme of Fig. 1, has been used
to experimentally investigate the actual performances of the
proposed control strategy. The SAF experimental prototype in-
cludes a classical two level VSC based on IGBT devices, rated
15 A, with a dc-Link nominal voltage of 700 V. The dc-Link is
composed of a capacitors bank with 2200 μF capacity. The ac is
connected to the mains point of common coupling (PCC) using
a three-phase inductive filter whose equivalent series parame-
ters are Lf = 4.75 mH and Rf = 0.4 Ω. The control system is
composed of a TMS320C6713 digital signal processor (DSP)
clocked at 225 MHz and of an auxiliary board equipped with
a ProASIC3 A3P400 field programmable gate array (FPGA)
clocked at 50 MHz. The DSP and FPGA boards may be noticed
on top of the prototype SAF of Fig. 5, shown without the ac
side inductors.

A three-phase diode bridge rectifier has been used as non-
linear load in order to create a distorted grid current. The

Fig. 5. Top view of the experimental SAF prototype.

diode rectifier supplies a resistor with rated power Pl = 5 kW.
A standard three phase 230 Vrms 50 Hz grid has been used for
the experimental test.

In order to validate the effectiveness of the proposed solution,
the FCS–M2PC has been tested and compared against the stan-
dard FCS–MPC. A fixed sampling frequency of 50 and 20 kHz
has been used for the FCS–MPC and the FCS–M2PC, respec-
tively. A steady-state test under full load Pl = 5 kW and a
transient test for a 50% to 100% load variation are shown in
Figs. 6 and 7 for the FCS–MPC.

As it can be appreciated from Fig. 6, the current harmonic
distortion caused by the presence of the nonlinear load, shown
in Fig. 6(a) where the vertical axis measures 5 A/div while
the horizontal one 10 ms/div, is actively compensated from the
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Fig. 6. Steady-state performance for FCS–MPC under full load [10 ms/div]:
(a) current in the nonlinear load [5A/div]; (b) mains current [5A/div] and mains
voltage [100V/div]; and (c) spectrum of currents in (a) and (b).

filtering system. The main current does not present particular
harmonic distortions (5 A/div), as shown in Fig. 6(b), and is in
phase with the main voltage (100 V/div) as desired. The SAF
allows quasi-sinusoidal current and unity power factor opera-
tion. However, the mains current shows an high-frequency ripple
related with the variable switching frequency and the absence
of a PWM technique, typical of FCS–MPC control. Fig. 6(c)
shows the harmonic filtering by comparing the spectrum
of the mains compensated currents with the one of the non-
linear load currents. The results show a reduction of total
harmonic distortion (THD) from THD > 29% to THD <
7%, where the THD is calculated including up to the 40th

Fig. 7. Transient performance for FCS–MPC during a 50% to 100% load
variation [10 ms/div]: (a) current in the nonlinear load [5A/div]; (b) mains
current [5A/div] and mains voltage [100V/div]; and (c) dc-link voltage [5V/div].

harmonic. A load current variation, realized by stepping
up the rectifier load from 50% to 100%, is represented in
Fig. 7(a) while the waveforms of mains voltage and cur-
rent for one of the phases during such transient are re-
ported in Fig. 7(b), presenting the same axis measures as
Fig. 6(a) and (b).

It can be noticed that the SAF takes about half funda-
mental period to reach steady-state conditions after the tran-
sient, exhibiting a very fast dynamics and accurate tracking
performances. Fig. 7(c) shows the dc-Link voltage that remains
well regulated with a maximum ripple equal to 0.7% of its
nominal value.



302 IEEE TRANSACTIONS ON INDUSTRY APPLICATIONS, VOL. 53, NO. 1, JANUARY/FEBRUARY 2017

Fig. 8. Steady-state performance for FCS–M2PC under full load [5 ms/div]:
(a) mains voltage [200V/div], load current [10A/div], filter current [2A/div], and
mains current [10A/div]; (b) spectrum of load current (red) and mains current
(blue) in (a).

Similar tests were performed for the FCS–M2PC and are
shown in Figs. 8 and 9. As it can be noticed, the high fre-
quency ripple in the mains current is considerably reduced by
the modulation. The dynamic performances of the FCS–M2PC
during the sudden load changes are qualitatively similar to the
standard MPC ones. Compared with FCS–MPC, the proposed
control technique presents a similar harmonic content (up to the
40th harmonic) for the mains current, as shown in Fig. 8(b).
However, it should be considered that the sampling frequencies
are different for the two controllers 20 KHz for the FCS–M2PC
and 50 KHz for the MPC, respectively. In fact, MPC requires
a higher sampling frequency compared to fixed switching fre-
quency modulated approaches (given the resulting much lower
average switching frequency) and this may result in extreme
specification for the control system design, in terms of com-
putational speed, thus increasing its cost. Nevertheless when
FCS–M2PC is utilized, the mains current THD is reduced from
29% to less than 6% by the SAF, performing well even at lower
sampling frequencies. Moreover, by increasing the FCS–M2PC
sampling frequency a further mains current THD reduction
is achievable.

The performance during the load change remains good and,
in overall terms, the power quality improvement achieved by
means of the examined SAF results is excellent. This confirms
the validity of the proposed solution and the viability of FCS–
M2PC for SAF control and grid synchronization, employing a
single compact control loop that regulates all system relevant
quantities.

Fig. 9. Transient performance for FCS–M2PC during a 50% to 100% load
variation: (a) mains voltages [200V/div], load currents [10A/div], filter currents
[2A/div], and mains currents [10A/div], [5 ms/div]; (b) reference and measured
dc-link voltages [2V/div], [50ms/div].

VIII. CONCLUSION

Power quality regulation is a relevant topic in modern electri-
cal networks. Improving the quality of the delivered energy
is an important characteristic in the new smart grids where
there is an increasing demand of dynamic, efficient and re-
liable distribution systems. The use of active filters becomes
therefore vital for the reduction of harmonic distortions in the
power grid. This paper has presented the development and
the implementation of a SAF for harmonic distortion reduc-
tion regulated by an improved modulated model predictive
controller.

Based on the system model, it dynamically predicts the values
of all the variables of interest in order to obtain a multiple
control target optimization by minimizing a user defined cost
function. Moreover the higher current ripple typical of MPC
has been considerably reduced by introducing a cost function-
based modulation strategy without compromising the dynamic
performances. An SAF prototype implementing the proposed
solution was then described, finally reporting and commenting
on the promising experimental tests results both in transient
conditions and steady state. It was hence demonstrated that
FCS–M2PC is a viable and effective solution for control of
active power compensators, where different systems variables
can be regulated with the aid of only a single control loop, with
no need for grid synchronization devices.
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APPENDIX

DEFINITION OF MATRIX ELEMENTS IN (7)

A2 =

⎡

⎣
a11 a12 a13
a21 a22 a23
a31 a32 a33

⎤

⎦ B2 =
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b11 0
0 b22
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⎤
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1 − Rf h
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)2
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Lf C
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Lf C
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Lf
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]

a21 = − h2

Lf C
Q2S(k + 1)P1S(k)
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a23 = − h

Lf
Q2
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)

S(k) + S(k + 1)
]

a31 =
h

C
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[
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(
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]
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C
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]

a33 = 1 − h2
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